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In this paper, the closed form two-dimensional fundamental solutions for a non-isothermal unsaturated
deformable porous medium have been derived for a symmetric polar domain in both Laplace transform
and time domains. The governing differential equations of the non-isothermal unsaturated soil consist of
equilibrium, moisture, air and heat transfer equations including the suction effect, temperature effect and
dissolved air in water. The derived fundamental solution has been veriﬁed mathematically by comparison
with the previously presented corresponding fundamental solutions in three limiting cases including the
steady-state thermo-hydro-mechanical, steady-state hydro-mechanical and elastostatic fundamental
solutions. Also these 2D kernel functions are tested in comparison with a ﬁnite element method (FEM).
 2009 Published by Elsevier Ltd.1. Introduction
The inﬂuence of temperature changes generated by the disposal
of high-level radioactive waste in two-phase or multiphase geolog-
ical formations is of great importance in geotechnical and geo-
environmental engineering. In order to model all the relevant
aspects of these phenomena in a deformable porous medium, com-
plete coupling should be considered among mechanical, thermal
and hydraulic effects.
Because of the complexity of the governing equations, the solu-
tion of non-isothermal multiphase poroelastic problems must
resort to numerical methods, such the ﬁnite element method
(FEM) and the boundary element method (BEM). The FEM, the
most popular method, has been developed and applied with suc-
cess in many problems of poromechanics. The BEM, on the other
hand, with its inherent ability of reduction of problem dimension-
ality, is also suitable for the same class of problems in static and
quasi-static conditions. The basic idea of BEM consists of transfor-
mation of partial differential equations into boundary integral
equations and obtaining the fundamental solutions of the corre-
sponding adjoint partial differential equations. Then a system ofElsevier Ltd.
st, UR Navier, Ecole des Ponts,
sur Marne, 77455 Marne la
+33 1 64 15 35 62.
uz.gatmiri@andra.fr (B. Gat-
lami.enpc.fr (D. Duhamel).algebraic equations can be formed by bringing the ﬁeld point to
the surface, discretizing of surface and integrating numerically
over it. But one of the disadvantages of BEM is the necessity of ﬁnd-
ing the fundamental solutions for the governing partial differential
equations of problem.
Many researches have been focused on deriving the fundamen-
tal solutions of the governing partial differential equations for soils
that have successfully resulted in developing some BEM models.
For example for saturated soils, Cleary (1977) derived the funda-
mental solutions for quasi-static problem following the earlier
work of Nowacki (1966). Also Cheng and Liggett (1984b) have pre-
sented the quasi-static poroelastic fundamental solutions.
The ﬁrst attempt to obtain fundamental solutions for dynamic
poroelasticity was presented by Burridge and Vargas (1979) who
gave a general solution procedure similar to that of Deresiewicz
(1960). The comprehensive state-of-the-art review by Gatmiri
and Kamalian (2002), Gatmiri and Nguyen (2005), Seyraﬁan et al.
(2006) and Gatmiri and Eslami (2007) provides clearly presented
information on the dynamic fundamental solution applied to the
soil and the porous media.
For unsaturated soils, Gatmiri and Jabbari (2005a,b) have derived
the ﬁrst fundamental solution for the nonlinear hydro-mechanical
governing differential equations for static and quasi-static poroelas-
tic media for both two and three-dimensional problems. Jabbari
and Gatmiri (2007) have derived the thermo-poro-elastic funda-
mental solution for the nonlinear governing differential equations
for static and for both two and three-dimensional problems. Also in
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sponding 3D fundamental solutions are obtained by Maghoul
et al. (2009).
In the present research, at ﬁrst, thermal two-dimensional (2D)
fundamental solution for a non-isothermal unsaturated deform-
able porous medium subjected to quasi-static loadings is presented
in Laplace transform domain. Subsequently, the closed form time
domain fundamental solutions are derived by analytical inversion
of the Laplace transform domain solutions. The derived results will
be veriﬁed analytically by comparison with the previously pre-
sented corresponding fundamental solutions in limiting cases
and will be validated with a FE code (h-STOCK) for the example
of a concentrated load in an inﬁnite medium. This program has
been written by Gatmiri (1997), Gatmiri and Arson (2008), Gatmiri
et al. (1998) and Gatmiri and Hoor (2007). (h-STOCK) code has
been validated by several applications. For the sake of brevity of
the text, the literature review has been omitted. An exhaustive lit-
erature review has been given in Gatmiri and Arson (2008), Gat-
miri and Hoor (2007) and Gatmiri and Jenab-Vossoughi (2000).2. Governing equations
An unsaturated porous medium can be represented as a three-
phase (gas, liquid, and solid), or three-component (water, dry air,
and solid) system in which two phases can be classiﬁed as ﬂuids
(i.e. water and air). The liquid phase is considered to be pure water
containing dissolved air and the gas phase is assumed to be a bin-
ary mixture of water vapour and ‘‘dry” air. The air in an unsatu-
rated soil may be in an occluded form when the degree of
saturation is relatively high. At a lower degree of saturation, the
gas phase is continuous.
The governing partial differential equations for an unsaturated
material inﬂuenced by heat effects include: equilibrium equations
and constitutive equations of the solid skeleton, mass conservation
and transfer equations for moisture, mass conservation and trans-
fer equations for air and energy conservation and diffusion equa-
tions for heat. These equations are based on the suction-based
model developed by Gatmiri (1997). As the term ‘moisture transfer’
will be used in the following work, a question of terminology may
arise. The moisture consists of vapour and liquid. The term ‘liquid
transfer’ will be used for the transfer which occurs exclusively in
the liquid phase, and all transfer in excess of the liquid transfer
is named ‘vapour transfer’. It can be concluded that in the absence
of water continuity all transfer is the vapour transfer and with
increasing moisture content, the liquid phase transfer becomes
dominant.
In this study, the state variables are the net total stress ðr PgÞ,
matric suction ðPg  PwÞ and temperature (T). The basic assump-
tions considered in this paper are the following:
1. The medium consists of the superposition of three continuum
media.
2. The poroelastic medium of the skeleton is isotropic and linear.
3. Quasi-static conditions and small transformation are
considered.
4. Generalized Darcy’s law is valid for motion of water and dry air.
5. Fourier’s law is considered for conductive heat ﬂow.
6. Void ratio and degree of saturation state surfaces are tempera-
ture-dependent.2.1. Solid skeleton behaviour
Equilibrium equation for a non-isothermal isotropic and linear
medium which is under suction and thermal effects, consideringstress–strain and strain–deformation relations, can be written as
follows (Gatmiri and Arson, 2008; Gatmiri and Hoor, 2007):
ðkþ lÞuj;ij þ lui;jj þ ð1 FÞPg;i þ FPw;i  CT ;i þ bi ¼ 0 ð1Þ
where FI ¼ DD1suc with D1suc ¼ bsucm in which




thermo ¼ bthermom in
which bthermo ¼ oeð1þe0ÞoT and mT ¼ ½1 1 0. D is the linear elastic
matrix.
2.2. Mass conservation and transfer equations for moisture
The total moisture transfer governing equation as a sum of li-







¼ V þ U ¼ DTrT  DPrðPg  PwÞ  Dwrz ð2Þ
where V is the vapour velocity, U is the water velocity, DT is the
thermal moisture diffusivity which is equal to the sum of the ther-
mal vapour and water diffusivities. DP is isothermal moisture diffu-
sivity which is equal to the sum of the isothermal vapour and water
diffusivities. Dwrz is the gravitational part of the equation.
Dw ¼ Kw ¼ aw10eaw ððSr  SruÞ=ð1 SruÞÞdw ðlwðTrÞ=lwðTÞÞ (where lw
is the dynamic viscosity of water and aw; aw; Sru and dw are con-
stants). More details about these parameters can be found in Gat-
miri and Arson (2008) and Gatmiri and Hoor (2007).
The governing differential equation of moisture mass conserva-
tion in a control volume of an unsaturated porous media can be gi-
ven as:
qwSr þ qvapð1 SrÞ
  ouk;k
ot
þ nðqw  qvapÞg1
oðPg  PwÞ
ot
þ nðqw  qvapÞg2
oT
ot
¼ qw DTr2T þ DPr2Pg  DPr2Pw
 
ð3Þ
where qw and qvap are, respectively, the water and the water va-
pour densities, g1 ¼ oSr=oðPg  PwÞ and g2 ¼ oSr=oT .
2.3. Mass conservation and transfer equations for gas
Based on Darcy’s law for describing the convective ﬂow of the
gas in the thermo-hydro-mechanical problem, the gas velocity in
the unsaturated soil takes the following form:
Vg ¼ KgbpgrT  Kg rðPg=cgÞ þ rz
 
ð4Þ
where Vg is the vector of gas velocity, cg is the speciﬁc weight of the
gas, Kg ¼ ðcgcg=lgÞ½eð1 SrÞdg is the gas permeability (where lg is
the gas viscosity, e is the void ratio, cg and dg are constants depend-
ing on the soil studied), Pg is the gas pressure which is a function of
temperature, and bpg ¼ oPg=ðcgoTÞ.
The governing differential equation of gas mass conservation in
a control volume of an unsaturated porous media can be given as:
qgð1þ ðH  1ÞSrÞ
ouk;k
ot
þ qgnðH  1Þg1
oðPg  PwÞ
ot
þ qgnðH  1Þg2
oT
ot





r2Pg þ ðKgbPg þ HDTwÞr2T
 !
ð5Þ
where H is Henry’s coefﬁcient and denotes the amount of dissolved
air in water. The dissolved air mass is supposed to be sufﬁciently
low so that water properties are not inﬂuenced.
2.4. Energy conservation and heat ﬂow equations
Total ﬂow of latent and sensible heat in an unsaturated
porous medium is given based on Philip and De Vries (Philip and
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Hoor, 2007):
Q ¼ kTrT þ ½CmwqwU þ CmvqwVv þ CmgqgVgðT  T0Þ
þ qwhfgVv þ qvhfgVg ð6Þ
where Cmw; Cmv and Cmg are the water, vapour and gas speciﬁc heat
capacities per unit mass, hfg is the latent heat of vaporization of soil
water and kT represents the Fourier heat diffusion coefﬁcient of
unsaturated mixture.




þ divðQÞ ¼ 0 ð7Þ
In which Q is heat ﬂux and u is the volumetric bulk heat content of
medium which can be deﬁned by
u ¼ cT  ðT  TrÞ þ ðn hÞ  qvap  hfg ð8Þ
where cT is the speciﬁc heat capacity of unsaturated mixture and
can be written as
cT ¼ ð1 nÞ  qs  Cms þ h  qw  Cmw þ ðn hÞ  qvapCmv
þ ðn hÞ  qgCmg ð9Þ
where Cms is speciﬁc heat capacity of the solid per unit mass
and h is the volumetric water content, ks; kw and kg are
thermal conductivities of the solid, water and gas phases,
respectively.
By introducing Eqs. (6), (8) and (9) in (7), the expression of the










þ v2  g2 þ v3
  oT
ot
¼ v6r2Pw þ v5r2Pg þ v4r2T ð10Þ
where
v1 ¼ Cms  qs þ Cmw  Sr  qw þ Cmv  ð1 SrÞqvap

þ Cmg  ð1 SrÞ  qg

ðT  TrÞ þ qvap  hfg  ð1 SrÞ
v2 ¼ ðCmw  n  qw  Cmv  n  qvap  Cmg  n  qgÞðT  TrÞ  qvap  hfg  n
v3 ¼ ðCms  qs  ð1 nÞ þ Cmw  Sr  qw þ Cmv  ð1 SrÞqvap
þ Cmg  n  ð1 SrÞ  qgÞ
v4 ¼ kT þ ðCmw  qw  DTw þ Cmv  qw  DTv þ Cmg  Kg  bPg  qgÞðT  TrÞ
þ qw  hfg  DTv þ qvap  hfg  Kg  bPg
v5 ¼ ðCmw  qw  DPw þ Cmv  qw  DPv þ Cmg  Kg  qgÞðT  TrÞ
þ qw  hfg  DPv þ qvap  hfg 
Kg
cg
v6 ¼ ðCmw  qw  DPw  Cmv  qw  DPvÞðT  TrÞ  qw  hfg  DPv2.5. Summary of the governing differential equations
These equations that have been derived above based on the
considered linearization assumptions may be summarized as the
matrix form:
b1otUðx; tÞ þ b2Uðx; tÞ þ #ðx; tÞ ¼ 0; x 2 R2; t  0 ð11Þ
where
#ðx; tÞ ¼ b1 b2 0 0 0f gT ; Uðx; tÞ ¼ u1 u2 Pw Pg Tf gT ;
x ¼ ðx1; x2Þ; 2D
And the components of b1 are
ðb1Þij ¼ 0 ðb1Þkl ¼ 0 ðb1Þ3i ¼ a6  oi ðb1Þ33 ¼ a7 ðb1Þ34 ¼ a8
ðb1Þ35 ¼ a9 ðb1Þ4i ¼ a13  oi ðb1Þ43 ¼ a14 ðb1Þ44 ¼ a15 ðb1Þ45 ¼ a16
ðb1Þ5i ¼ a20  oi ðb1Þ53 ¼ a21 ðb1Þ54 ¼ a22 ðb1Þ55 ¼ a23
And the components of b2 are:
ðb2Þij ¼ a1  oi  oj þ dija2  D ðb2Þi3 ¼ a3  oi ðb2Þi4 ¼ a4  oi
ðb2Þi5 ¼ a5  oi
ðb2Þlk ¼ 0 ðb2Þ33 ¼ a10D ðb2Þ34 ¼ a11D ðb2Þ35 ¼ a12D
ðb2Þ43 ¼ a17D
ðb2Þ44 ¼ a18D ðb2Þ45 ¼ a19D ðb2Þ53 ¼ a24D
ðb2Þ54 ¼ a25D ðb2Þ55 ¼ a26D
where i; j; k ¼ 1;2; l ¼ 3;5; D is the Laplace operator and
a1 ¼ kþ l a2 ¼ l a3 ¼ F
a4 ¼ 1 F a5 ¼ C a6 ¼ qwSr þ qvapð1 SrÞ
a7 ¼ n  ðqw  qvapÞg1 a8 ¼ n  ðqw  qvapÞg1
a9 ¼ n  ðqw  qvapÞg2
a10 ¼ qw  DP a11 ¼ qw  DP a12 ¼ qw  DT
a13 ¼ qg  ð1þ ðH  1ÞSrÞ a14 ¼ qg  n  ðH  1Þg1
a15 ¼ qg  n  ðH  1Þg1
a16 ¼ qg  n  ðH  1Þg2 a17 ¼ qg  H  DPw
a18 ¼ qg  ðKg=cg þ H  DPwÞ
a19 ¼ qg  ðKg  bPg þ H  DTwÞ a20 ¼ v1 a21 ¼ v2g1
a22 ¼ v2g1 a23 ¼ v2  g2 þ v3
 
a24 ¼ v6
a25 ¼ v5 a26 ¼ v4
Taking the Laplace transform of Eq. (11) to eliminate the time var-
iable, assuming that the initial conditions are zero, yields
pb1 eUðx;pÞ þ b2 eUðx;pÞ þ ~#ðx; pÞ ¼ 0; x 2 R3 ð12Þ
In which p is the Laplace transform parameter and the tilde denotes
the variables in Laplace transform domain. The transformed func-




f ðx; tÞept dt ð13Þ
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The physical interpretation of fundamental solution or kernel of
a differential equation is a potential functionPðx; nÞ or on the other
hand, the response of the medium in the point x to a point excita-
tion eðnÞ in a domain with inﬁnite boundaries which is a Dirac delta
function in space, i.e. dðnÞ and either a Dirac delta function or a
Heaviside step function, i.e. HðtÞ in time. However, for its future
application in BEM it is better to consider the solution which re-
sults from a source which is a Heaviside step function in time.
The objective of this section is to derive the explicit 2D Laplace
transform domain fundamental solution associated with Eq. (11)
which involves the response of the medium to unit point excitation
(continuous unit line excitation in 2D). The general solution proce-
dure developed by Kupradze et al. (1979) is used in this study for
the derivation of the fundamental solution. For a continuous unit
line force in the ith direction suddenly applied at the origin, i.e.
#ðx; tÞ ¼ dðxÞ  HðtÞ where HðtÞ is the Heaviside step function, the
Laplace transform of which is ð1=pÞdðxÞ. Then, one can rewrite
Eq. (11) in the form as:
pb1 eGðx;pÞ þ b2eGðx;pÞ þ I1p dðxÞ ¼ 0; x 2 R2 ð14Þ
Hðox;pÞeGðx; pÞ þ I1
p
dðxÞ ¼ 0 ð15Þ
where I denotes the unit matrix of order 5, eG ¼ ½eGij55 is the trans-
formed fundamental solution matrix and Hðox; pÞ ¼ p  b1ðxÞ þ b2ðxÞ
is the differential operator matrix with the components as:




H3j ¼ p  a6oj
H4j ¼ p  a13oj
H5j ¼ p  a20oj
H33 ¼ p  a7 þ a10  r2
H34ðox;pÞ ¼ p  a8 þ a11  r2
H35ðox;pÞ ¼ p  a9 þ a12  r2
H43ðox;pÞ ¼ p  a14 þ a17  r2
H44ðox;pÞ ¼ p  a15 þ a18  r2
H45ðox;pÞ ¼ p  a16 þ a19  r2
H53ðox;pÞ ¼ p  a21 þ a24  r2
H54ðox;pÞ ¼ p  a22 þ a25  r2
H55ðox;pÞ ¼ p  a23 þ a26  r2
ð16Þ
The ﬁrst stage is to determine Hðox; pÞ, adjoint differential opera-
tors of Hðox;pÞ, which is deﬁned by
Hikðox;pÞHkjðox; pÞ ¼ dij detHðox;pÞ ð17Þ
In which the determinant of Hðox;pÞ is given by
det Hðox;pÞð Þ ¼ D1p3r4 þ D2p2r6 þ D3pr8 þ D4r10 ð18Þ
where D1; D2; D3 and D4 are constants including above aij coefﬁ-
cients (Appendix A). Then, from Eq. (17) the adjoint differential
operatorHðox;pÞ is obtained. The elements of this operator are pre-
sented in Appendix B.
For the second stage, we assume that uðr; pÞ is a scalar solution
to the equation
det Hðox;pÞð Þuðr;pÞ þ 1
p
dðxÞ ¼ 0 ð19ÞWhich gives
Hðox;pÞHðox; pÞuðr; pÞ þ 1
p
IdðxÞ ¼ 0 ð20Þ
Consequently, we get
eG ¼ Hðox;pÞu ð21Þ
Eq. (21) enables us to determine the 25 functions eGij by applying the
differential operator Hðox;pÞ to the single unknown function











þ dðxÞ ¼ 0 ð22Þ
This relation, with the introduction of U as U ¼ pD4r4ðuÞ, leads to







Uþ dðxÞ ¼ 0 ð23Þ
Eq. (23) can be expressed as either of three equations (24)–(26):
r2  k21
 
u1 þ dðxÞ ¼ 0








u2 þ dðxÞ ¼ 0








u3 þ dðxÞ ¼ 0






The above differential equations are of the familiar Helmholtz type.
The fundamental solution of Helmholtz differential equations for an
only r-dependent fully symmetric two-dimensional domain is (Arf-




; i ¼ 1;2;3 ð27Þ

























After manipulating some mathematical operations, one may obtain
























In which ki ¼ ﬃﬃﬃﬃﬃmip ﬃﬃﬃpp ; ði ¼ 1;3Þ are the roots of the cubic equation
of the determinant of Hðox;pÞ which are obtained by using the Car-
don method.
Finally, by applying the differential operator Hðox; pÞ to uðr; pÞ
(Appendix C) and by deﬁnition of the Pi interim functions as:
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P2 ¼ C5X11 þ C6X12 þ C7X13 þ C8X14
P3 ¼ C5X21 þ C6X22 þ C7X23 þ C8X24
ð31Þ
We get the 2D fundamental solution of Eq. (11) in the Laplace trans-
form domain as:
eGijðx;pÞ ¼ dijP1 þ rxixjr3 P2 þ 2xixj  r2dij
 	
r3
P3eGi3ðx;pÞ ¼  xir ðC9X22 þ C10X23 þ C11X24ÞeGi4ðx;pÞ ¼  xir ðC12X22 þ C13X23 þ C14X24ÞeGi5ðx;pÞ ¼  xir ðC15X22 þ C16X23 þ C17X24ÞeG3iðx;pÞ ¼  xir ðC18X27 þ C19X25 þ C20X26ÞeG4iðx;pÞ ¼  xir ðC30X27 þ C31X25 þ C32X26ÞeG5iðx;pÞ ¼  xir ðC42X27 þ C43X25 þ C44X26ÞeG33ðx;pÞ ¼ C21X12 þ C22X13 þ C23X14eG34ðx;pÞ ¼ C24X12 þ C25X13 þ C26X14eG35ðx;pÞ ¼ C27X12 þ C28X13 þ C29X14eG43ðx;pÞ ¼ C33X12 þ C34X13 þ C35X14eG44ðx;pÞ ¼ C36X12 þ C37X13 þ C38X14eG45ðx;pÞ ¼ C39X12 þ C40X13 þ C41X14eG53ðx;pÞ ¼ C45X12 þ C46X13 þ C47X14eG54ðx;pÞ ¼ C48X12 þ C49X13 þ C50X14eG55ðx;pÞ ¼ C51X12 þ C52X13 þ C53X14
ð32Þ
In which Cij coefﬁcients are constants and equal to Bij=2pD4 and r is
the distance between the source point n and the observed point x.
The Xkl interim functions are presented in Appendix D.
In the above Laplace transform domain fundamental solutions,
i.e. Eq. (32), eGij is the displacement of the solid skeleton in the
ith direction due to unit Heaviside force in the jth direction.
Whereas eGi3; eGi4 and eGi5 are the displacement of the solid skele-
ton in the ith direction due to a unit Heaviside rate of water and
gas injection and a heat point source, respectively. Also,eG3j; eG4j and eG5j are, respectively, the water pressure, air pressure
and temperature due to the unit Heaviside force applied in the
jth direction. eG33; eG34 and eG35 are the water pressure due to a unit
Heaviside rate of water and gas injection and a heat point source,
respectively. Also, eG43; eG44 and eG45 are the gas pressure due to a
unit Heaviside rate of water and gas injection and a heat point
source, respectively. And eG53; eG54 and eG55 are the temperature
due to a unit Heaviside rate of water and gas and a heat point
source, respectively.
4. Transient fundamental solution
To obtain the time domain fundamental solution, one needs to
evaluate the analytical inversion of eGij. First, it is necessary to ﬁnd
out the inverse transform of the functions wkl½r; t containing the
modiﬁed Bessel functions Xkl½r; t. By the use of the following for-






















































ð33ÞThe expressions of the time domain interim functions are obtained
in Appendix E.
Finally, the fundamental solutions in the time domain are
obtained:





Gi3ðx; tÞ ¼  xir C9w22 þ C10w23 þ C11w24ð Þ
Gi4ðx; tÞ ¼  xir ðC12w22 þ C13w23 þ C14w24Þ
Gi5ðx; tÞ ¼  xir ðC15w22 þ C16w23 þ C17w24Þ
G3iðx; tÞ ¼  xir ðC18w27 þ C19w25 þ C20w26Þ
G4iðx; tÞ ¼  xir ðC30w27 þ C31w25 þ C32w26Þ
G5iðx; tÞ ¼  xir ðC42w27 þ C43w25 þ C44w26Þ
G33ðx; tÞ ¼ C21w12 þ C22w13 þ C23w14
G34ðx; tÞ ¼ C24w12 þ C25w13 þ C26w14
G35ðx; tÞ ¼ C27w12 þ C28w13 þ C29w14
G43ðx; tÞ ¼ C33w12 þ C34w13 þ C35w14
G44ðx; tÞ ¼ C36w12 þ C37w13 þ C38w14
G45ðx; tÞ ¼ C39w12 þ C40w13 þ C41w14
G53ðx; tÞ ¼ C45w12 þ C46w13 þ C47w14
ð34Þ
where
 1 ¼ C1w11 þ C2w12 þ C3w13 þ C4w14
 2 ¼ C5w11 þ C6w12 þ C7w13 þ C8w14
 3 ¼ C5w21 þ C6w22 þ C7w23 þ C8w24
ð35Þ5. Veriﬁcation
Having derived the fundamental solution, at this stage, it is of
interest to verify the validity of them in somewhat more detail.
Three limiting cases are presented here.
Firstly, the solution form at very long times, as t approaches
inﬁnity to verify if they would exactly take the same form as stea-
dy-state thermo-hydro-mechanical (THHM) fundamental solution
presented in Jabbari and Gatmiri (2007) is investigated.
Secondly, as the coefﬁcients representing the thermal behav-
iour of the phenomenon and dissolved air in water approach to
zero, the behaviour of the steady-state response functions (found
in Section 5.1) is compared with the steady-state hydro-mechani-
cal (HHM) fundamental solution presented in Gatmiri and Jabbari
(2004a).
And in the end by neglecting the effects of ﬂuids (water and gas)
in the fundamental solutions of the steady-state HHM case (found
in Section 5.2), it is veriﬁed if the concerning response functions
take exactly the elastostatic form (Banerjee, 1994; Beer, 2001).
5.1. Limiting case: steady-state thermo-hydro-mechanical (THHM)
fundamental solution
Now we check transform domain fundamental solution, by let-
ting t !1, to see if it takes exactly the form as steady-state THHM
fundamental solution which is presented in Jabbari and Gatmiri
(2007). To obtain the fundamental solutions when t !1, we have
Gabðx;1Þ ¼ lim
p!0
peGabðx; pÞ  ð36Þ
It is evident that in the Laplace transform fundamental solutions in
Eq. (32), the just terms which are the functions of p are the Xij. Then
Table 1
Material data of an unsaturated soil.
Deﬁnition Sign Value
Lame coefﬁcient k 12:5 103 kPa
Lame coefﬁcients l 8:33 103 kPa
Coefﬁcient of suction in the constitutive law of
the solid skeleton
F 1
Coefﬁcient of temperature in the constitutive
law of the solid skeleton
C 1
Air pressure Pg 0 kPa
Pore water pressure Pw 250 kPa
Density of liquid qw 1000 kg=m3
Density of air qg 1:293 kg=m3
Density of solid qs 2:65 103 kg=m3
Constants used in thermal degree of saturation
state surface formulation
bs 0.002
Constants used in thermal degree of saturation
state surface formulation
ds 0.0001
Temperature T 25 C
Arbitrary reference temperature Tr 0 C
Porosity n 0.4
Residual degree of saturation used in water
permeability formulation
Sru 0.05
Constants used in water permeability
formulation
aw 1:2 109 m=s
Constants used in water permeability
formulation
aw 5
Constants used in water permeability
formulation
dw 3
Constants used in gas permeability
formulation
cg 104
Constants used in gas permeability
formulation
dg 2.6
Dynamic viscosity of gas lg 1:85 105 kg=ms
Universal gas constant R 8.31 m3 Pa K1 mol1
Thermal conductivities of the gas kg 0.0258 W/m K
Thermal conductivities of the water kw 0.6 W/m K
Speciﬁc heat capacity of the solid per unit
mass
Cms 800 J/kg K
Water speciﬁc heat capacities per unit mass Cmw 4180 J/kg K
Vapour speciﬁc heat capacities per unit mass Cmv 1870 J/kg K
Gas speciﬁc heat capacities per unit mass Cmg 1000 J/kg K
Henry’s constant H 0.02
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the limp!0ðpXijÞ. Among these terms, those which have non-zero
values are limp!0ðpX14Þ and limp!0ðpX24Þ. In addition, when
p! 0, we have ki ði ¼ 1;2;3Þ ! 0. Therefore we ﬁnd the limits of




ðK0ðxÞÞ ’  lnðxÞ ð37Þ
lim
x!0











ðpX14Þ ¼  lnðrÞ ð39Þ
lim
p!0






By substituting Eqs. (39) and (40) into (32), one obtains








































Gab ¼ 0; a ¼ 3;5; b ¼ 1;2
ð41Þ
This equation Gab ¼ 0 means that all ﬂuids (water and gas) and tem-
perature effects vanish at very long times due to a unit step force in





where F2gc are the constant coefﬁcients (Appendix F) and
g ¼ 2;3;4 and c ¼ 1;2;3.
5.2. Limiting case: steady-state hydro-mechanical (HHM)
fundamental solution
If the coefﬁcients representing the thermal behaviour of the
phenomenon approach zero and by neglecting dissolved air in
water, the steady-state THHM fundamental solution (Eq. (41)) will
approach the corresponding isothermal steady-state hydro-
mechanical fundamental solution (Gatmiri and Jabbari, 2004a):
Gij ¼ kþ lð Þ  2 kþ 3lð Þ lnðrÞ½ r
2dij þ 2ðkþ lÞxixj
8plðkþ 2lÞr2
Gi3 ¼ cwFð1þ 2 lnðrÞÞxi8pðkþ 2lÞKw
Gi4 ¼
cgð1 FÞxi
8pðkþ 2lÞKg ð1þ 2 lnðrÞÞ




G3i ¼ G4i ¼ 0
G34 ¼ G43 ¼ 0
Gi5 ¼ G5j ¼ 0; i; j ¼ 1;5
ð42Þ5.3. Limiting case: elastostatic fundamental solution
Also, it is evident that while F approaches zero and by neglect-
ing the effects of ﬂuids (water and gas), the fundamental solution
in Eq. (42) take exactly the same form of elastostatic fundamental
solution (Banerjee, 1994; Beer, 2001):
Gij ¼ ðkþ lÞ  2ðkþ 3lÞ lnðrÞ½ r
2dij þ 2ðkþ lÞxixj
8plðkþ 2lÞr2
G33 ¼ G44 ¼ 0
Gi3 ¼ Gi4 ¼ 0
G3j ¼ G4j ¼ G34 ¼ G43 ¼ 0
Gi5 ¼ G5j ¼ 0; i; j ¼ 1;5
ð43Þ6. Validation
This section is consecrated to validate the accuracy and the
robustness of the proposed kernel functions. For this purpose, the
displacement and water pressure responses of an inﬁnite medium
due to a unit force at t = 1 min is compared with a ﬁnite element
calculation with the aid of the FEM code (h-STOCK). The used mate-
rial data are those presented in Table 1. The geometry, mesh and
general boundary condition are illustrated in Fig. 1. The mesh is







Fig. 1. (a) Geometry and loading of the medium. (b) FEM mesh.
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boundary conditions of fundamental solution’s concept. As shown
in Fig. 2 there is a good agreement between these two solutions.
7. Illustration
In this part, the derived fundamental solutions are shown
through Figs. 3–20 with initial values shown in Table 1.
From these ﬁgures, we may easily verify that the response or
kernel functions G possess a unique weak singularity when the
source point n approaches observed point x ðn! x or r ! 0Þ of
the order lnðrÞ. The singularity of all the fundamental solutions is
only at r ¼ 0.
8. Conclusion
In this paper, a complete set of closed form transient two-
dimensional fundamental solutions are obtained for the suction-D1 ¼ a2 
a20  ða4  a7  a3  a8Þ  a16 þ ða5  a7 þ a3  a9Þ  a15 þ ða5  að
þa21  ða5  a8  a13 þ a4  a9  a13  a4  a6  a16 þ ða1 þ a2Þ  ð
þa22  ða5  a7  a13  a3  a9  a13 þ a3  a6  a16  a5  a6  a14 þ
þa23  ða4  a7  a13 þ a3  a8  a13  a3  a6  a15 þ a4  a6  a14
0BBB@based governing differential equations of unsaturated soils
considering the thermo-poro-mechanical behaviour. To verify the
fundamental solution obtained, it has been demonstrated that if
the conditions approach steady-state THHM, steady-state HHM
and elastostatic cases, the fundamental solution approaches the
fundamental solution of each case. Further, these calculations
are compared for the inﬁnite medium with a FEM calculation
showing good agreement. This leads to the following conclusions:
the transient fundamental solutions presented in this paper may
be used as kernel functions of the time domain BEM to solve more
practical problems related to the disposal of high-level nuclear
waste.Appendix A
Coefﬁcients of determinant of Hðox; pÞ:8  a4  a9Þ  a14Þ
a8  a16  a9  a15Þ þ a5  a6  a15Þ
ða1 þ a2Þ  ða9  a14  a7  a16ÞÞ
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Fig. 2. (a) Displacement in direction 1 due to a unit point load in direction one versus distance: fundamental solution results compare with FEM results. (b) Water pressure
due to a unit increment in water pressure versus distance: fundamental solution results compare with FEM results.
Fig. 3. G11. Solid skeleton displacement in direction one due to a unit point load in
direction one.
Fig. 4. G22. Solid skeleton displacement in direction two due to a unit point load in
direction two.
D2 ¼ a2 
a20  a4  ða10  a16 þ a7  a19  a12  a14  a9  a17Þ þ a3  ða12  a15 þ a9  a18  a11  a16  a8  a19Þþa5  ða11  a14 þ a8  a17  a10  a15  a7  a18Þ
 
þa21  a5  ða6  a18  a11  a13Þ þ a4  ða12  a13  a6  a19Þ þ ða1 þ a2Þ  ða11  a16 þ a8  a19  a12  a15  a9  a18Þð Þ
þa22  a5  ða10  a13  a6  a17Þ þ a3  ða6  a19  a12  a13Þ þ ða1 þ a2Þ  ða12  a14 þ a9  a17  a10  a16  a7  a19Þð Þ
þa23  a4  ða6  a17  a10  a13Þ þ a3  ða11  a13  a6  a18Þ þ ða1 þ a2Þ  ða10  a15 þ a7  a18  a11  a14  a8  a17Þð Þ
þa24  a5  ða6  a15  a8  a13Þ þ a4  ða9  a13  a6  a16Þ þ ða1 þ a2Þ  ða8  a16  a9  a15Þð Þ
þa25  a5  ða7  a13  a6  a14Þ þ a3  ða6  a16  a9  a13Þ þ ða1 þ a2Þ  ða9  a14  a7  a16Þð Þ
þa26  a4  ða6  a14  a7  a13Þ þ a3  ða8  a13  a6  a15Þ þ ða1 þ a2Þ  ða7  a15  a8  a14Þð Þ
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Fig. 5. G12. Solid skeleton displacement in direction one due to a unit point load in
direction two.
Fig. 6. G13. Solid skeleton displacement in direction one due to a unit increment in
water pressure.
Fig. 7. G14. Solid skeleton displacement in direction one due to a unit increment in
air pressure.
Fig. 8. G15. Solid skeleton displacement in direction one due to a unit increment of
the temperature.
Fig. 9. G31. Variations of water pressure due to a unit point load in direction one.
Fig. 10. G41. Variations of air pressure due to a unit point load in direction one.
Fig. 11. G51. Variations of temperature due to a unit point load in direction one.
Fig. 12. G33. Variations of water pressure due to a unit increment in water pressure.
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Fig. 13. G34. Variations of water pressure due to a unit increment in air pressure.
Fig. 14. G35. Variations of water pressure due to a unit increment of temperature.
Fig. 15. G43. Variations of air pressure due to a unit increment in water pressure.
Fig. 16. G44. Variations of air pressure due to a unit increment in air pressure.
Fig. 17. G45. Variations of air pressure due to a unit increment of temperature.
D3 ¼ a2 
a20  a4  ða10  a19  a12  a17Þ þ a3  ða12  a18  a11  a19Þ þ a5  ða11  a17  a10  a18Þð Þ
þa23  ða2 þ a1Þ  a10  a18  a11  a17ð Þ
þa26  a4  ða6  a17  a10  a13Þ þ a3  ða11  a13  a6  a18Þ þ ða2 þ a1Þ  ða10  a15 þ a7  a18  a11  a14  a8  a17Þð Þ
þa22  ða2 þ a1Þ  a12  a17  a10  a19ð Þ þ a21  ða2 þ a1Þ  a11  a19  a12  a18ð Þ
þa25  a5  ða10  a13  a6  a17Þ þ a3  ða6  a19  a12  a13Þ þ ða2 þ a1Þ  ða12  a14 þ a9  a17  a10  a16  a7  a19Þð Þ
þa24  a5  ða6  a18  a11  a13Þ þ a4  ða12  a13  a6  a19Þ þ ða2 þ a1Þ  ða11  a16 þ a8  a19  a12  a15  a9  a18Þð Þ
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Fig. 18. G53. Variations of temperature due to a unit increment in water pressure.
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Fig. 19. G54. Variations of temperature due to a unit increment in air pressure.
Fig. 20. G55. Variations of temperature due to a unit increment of temperature.
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þ a25  ða12  a17  a10  a19Þ þ a24  ða11  a19  a12  a18ÞÞAppendix B
The elements of the adjoint differential operator Hðox; pÞ:Hijðox;pÞ ¼ dij B1  p3  r2 þ B2  p2  r4 þ B3  p  r6 þ B4  r8
 
þ oi  oj B5  p3 þ B6  p2  r2 þ B7  p  r4 þ B8  r6
 
Hi3ðox;pÞ ¼ B9  p2  r2  oi þ B10  p  r4  oi þ B11  r6  oi
Hi4ðox;pÞ ¼ B12  p2r2  oi þ B13  p  r4  oi þ B14  r6  oi
Hi5ðox;pÞ ¼ B15  p2  r2  oi þ B16  p  r4  oi þ B17  r6  oi
H3iðox;pÞ ¼ B18  p3  r2  oi þ B19  p2  r4  oi þ B20  p  r6  oi
H33ðox;pÞ ¼ B21  p2  r4 þ B22  p  r6 þ B23  r8B1 ¼
a20  a16  ða4  a7  a3  a8Þ þ a15  ða7  a5 þ a3  a9Þ þ a14  ða8 ð
þa21  a5  a8  a13 þ a4  a9  a13 þ a2  a8  a16  a4  a6  a16 þ a1ð
þa22  a5  a7  a13  a3  a9  a13  a2  a7  a16 þ a3  a6  a16  a1 ð
þa23  a4  a7  a13 þ a3  a8  a13 þ a15  a2  a7  a15  a3  a5 þ a1ð
0BBB@
B2 ¼
a20  a16  ða4  a10  a3  a11Þ þ a19  ða4  a7  a3  a8Þ þ a15  ðaþa14  ða11  a5  a4  a12Þ þ a17  ða8  a5  a4  a9Þ

þa23  a4  a13  a10 þ a3  a11  a13 þ a15  a2  a10 þ a15  a1  a10a1  a11  a14  a2  a8  a17 þ a4  a6  a17  a1  a8  a17

þa26  a4  a7  a13 þ a3  a8  a13 þ a15  a2  a7  a15  a3  a5 þ a1ð
þa25  a5  a7  a13  a3  a9  a13  a2  a7  a16 þ a3  a6  a16  a1 ð
þa21  a5  a13  a11 þ a4  a12  a13 þ a2  a11  a16 þ a1  a11  a16a1  a12  a15  a2  a9  a18 þ a5  a6  a18  a1  a9  a18

þa24  a5  a8  a13 þ a4  a9  a13 þ a2  a8  a16  a4  a6  a16 þ a1ð
þa22  a5  a13  a10  a3  a12  a13  a2  a10  a16  a1  a10  a16 þa1  a12  a14 þ a2  a9  a17  a5  a6  a17 þ a1  a9  a17

0BBBBBBBBBBBBBBBBB@H34ðox; pÞ ¼ B24  p2  r4 þ B25  p  r6 þ B26  r8H35ðox; pÞ ¼ B27  p2  r4 þ B28  p  r6 þ B29  r8H4iðox; pÞ ¼ B30  p3  r2  oi þ B31  p2  r4  oi þ B32  p  r6  oiH43ðox; pÞ ¼ B33  p2  r4 þ B34  p  r6 þ B35  r8H44ðox; pÞ ¼ B36  p2  r4 þ B37  p  r6 þ B38  r8H45ðox; pÞ ¼ B39  p2  r4 þ B40  p  r6 þ B41  r8H5iðox; pÞ ¼ B42  p3  r2  oi þ B43  p2  r4  oi þ B44  p  r6  oiH53ðox; pÞ ¼ B45  p2  r4 þ B46  p  r6 þ B47  r8H54ðox; pÞ ¼ B48  p2  r4 þ B49  p  r6 þ B50  r8H55ðox; pÞ ¼ B51  p2  r4 þ B52  p  r6 þ B53  r8
where Bij are constants including aij coefﬁcients:a5  a4  a9ÞÞ
 a8  a16  a2  a9  a15 þ a5  a6  a15  a1  a9  a15Þ
a7  a16 þ a2  a9  a14  a5  a6  a14 þ a1  a9  a14Þ
5  a1  a7  a2  a8  a14 þ a4  a6  a14  a1  a8  a14Þ
1CCCA
10  a5 þ a3  a12Þ þ a18  ða7  a5 þ a3  a9Þ

þ a18  a2  a7  a18  a3  a5 þ a18  a1  a7  a2  a11  a14

5  a1  a7  a2  a8  a14 þ a4  a6  a14  a1  a8  a14Þ
a7  a16 þ a2  a9  a14  a5  a6  a14 þ a1  a9  a14Þ
þ a2  a8  a19  a4  a6  a19 þ a1  a8  a19  a2  a12  a15

 a8  a16  a2  a9  a15 þ a5  a6  a15  a1  a9  a15Þ




a20  ða4  a10  a3  a11Þ  a19 þ ða10  a5 þ a3  a12Þ  a18 þ ða11  a5  a4  a12Þ  a17ð Þ
þa21  ða1 þ a2Þ  a11  a19 þ a12  a18ð Þ þ a22  ða1 þ a2Þ  a10  a19 þ a12  a17ð Þ þ a23  ða1 þ a2Þ  a10  a18  a11  a17ð Þ
þa26  a4  a13  a10 þ a3  a11  a13 þ ða1 þ a2Þ  a10  a15 þ a7  a18  a11  a14  a8  a17ð Þ  a3  a6  a18 þ a4  a6  a17ð Þ
þa25  a5  a13  a10  a3  a12  a13  ða1 þ a2Þ  a10  a16 þ a7  a19  a12  a14  a9  a17ð Þ þ a3  a6  a19  a5  a6  a17ð Þ
þa24  a5  a13  a11 þ a4  a12  a13 þ ða1 þ a2Þ  a11  a16 þ a8  a19 þ a12  a15 þ a9  a18ð Þ  a4  a6  a19  a5  a6  a18ð Þ
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B4 ¼ ða1 þ a2Þ a26  ða18  a10  a11  a17Þ þ a25  ða10  a19 þ a12  a17Þ þ a24  ða11  a19  a12  a18Þð Þ
B5 ¼
a23  a15  ða3  a6  a1  a7Þ þ a14  ða4  a6 þ a1  a8Þ þ a13  ða4  a7  a3  a8Þð Þ
þa22  a16  ða3  a6 þ a1  a7Þ þ a14  ða5  a6  a1  a9Þ þ a13  ða5  a7 þ a3  a9Þð Þ
þa21  a16  ða4  a6  a1  a8Þ þ a15  ða5  a6 þ a1  a9Þ þ a13  ða5  a8  a4  a9Þð Þ




a23  a15  a1  a10 þ a18  ða3  a6  a1  a7Þ þ a14  a1  a11 þ a17  ða4  a6 þ a1  a8Þ þ a13  ða4  a10  a3  a11Þð Þ
þa26  a15  ða3  a6  a1  a7Þ þ a14  ða4  a6 þ a1  a8Þ þ a13  ða4  a7  a3  a8Þð Þ
þa22  a16  a1  a10 þ a19  ða3  a6 þ a1  a7Þ  a14  a1  a12 þ a17  ða5  a6  a1  a9Þ þ a13  ða5  a10 þ a3  a12Þð Þ
þa25  a16  ða3  a6 þ a1  a7Þ þ a14  ða5  a6  a1  a9Þ þ a13  ða5  a7 þ a3  a9Þð Þ
þa21  a16  a1  a11 þ a19  ða4  a6  a1  a8Þ þ a15  a1  a12 þ a18  ða5  a6 þ a1  a9Þ þ a13  ða5  a11  a4  a12Þð Þ
þa24  a16  ða4  a6  a1  a8Þ þ a15  ða5  a6 þ a1  a9Þ þ a13  ða5  a8  a4  a9Þð Þ
þa20 
a16  ða4  a10 þ a3  a11Þ þ a19  ða4  a7 þ a3  a8Þ þ a15  ða10  a5  a3  a12Þ þ a18  ða7  a5  a3  a9Þ





a23  a18  a1  a10 þ a17  a1  a11ð Þ
þa26  a15  a1  a10 þ a18  ða3  a6  a1  a7Þ þ a14  a1  a11 þ a17  ða4  a6 þ a1  a8Þ þ a13  ða4  a10  a3  a11Þð Þ
þa22  a19  a1  a10  a17  a1  a12ð Þ
þa25  a16  a1  a10 þ a19  ða3  a6 þ a1  a7Þ  a14  a1  a12 þ a17  ða5  a6  a1  a9Þ þ a13  ða5  a10 þ a3  a12Þð Þ
þa21  a1  a11  a19 þ a18  a1  a12ð Þ
þa24  a16  a1  a11 þ a19  ða4  a6  a1  a8Þ þ a15  a1  a12 þ a18  ða5  a6 þ a1  a9Þ þ a13  ða5  a11  a4  a12Þð Þ
þa20  a19  ða4  a10 þ a3  a11Þ þ a18  ða10  a5  a3  a12Þ þ a17  ða11  a5 þ a4  a12Þð Þ
0BBBBBBBBBBB@
1CCCCCCCCCCCA
B8 ¼ a1  a26  a18  a10 þ a17  a11ð Þ þ a25  a19  a10  a17  a12ð Þ þ a24  a11  a19 þ a18  a12ð Þð Þ
B9 ¼ a2  a23  ða3  a15 þ a4  a14Þ þ a22  ða3  a16  a5  a14Þ þ a21  ða4  a16 þ a5  a15Þð Þ
B10 ¼ a2 
a21  ða4  a19 þ a5  a18Þ þ a22  ða3  a19  a5  a17Þ þ a23  ða3  a18 þ a4  a17Þ
þa24  ða4  a16 þ a5  a15Þ þ a25  ða3  a16  a5  a14Þ þ a26  ða3  a15 þ a4  a14Þ
 
B11 ¼ a2  a24  ða4  a19 þ a5  a18Þ þ a25  ða3  a19  a5  a17Þ þ a26  ða3  a18 þ a4  a17Þð Þ
B12 ¼ a2  a23  ða4  a7 þ a3  a8Þ þ a22  ða5  a7  a3  a9Þ þ a21  ða5  a8 þ a4  a9Þð Þ
B13 ¼ a2 
a23  ða4  a10 þ a3  a11Þ þ a26  ða4  a7 þ a3  a8Þ þ a22  ða5  a10  a3  a12Þ þ a25  ða5  a7  a3  a9Þ
þa21  ða5  a11 þ a4  a12Þ þ a24  ða5  a8 þ a4  a9Þ
 
B14 ¼ a2  a26  ða4  a10 þ a3  a11Þ þ a25  ða5  a10  a3  a12Þ þ a24  ða5  a11 þ a4  a12Þð Þ
B15 ¼ a2  a16  ða4  a7  a3  a8Þ þ a15  ða5  a7 þ a3  a9Þ þ a14  ða5  a8  a4  a9Þð Þ
B16 ¼ a2 
a16  ða4  a10  a3  a11Þ þ a19  ða4  a7  a3  a8Þ þ a15  ða5  a10 þ a3  a12Þ þ a18  ða5  a7 þ a3  a9Þ
þa14  ða5  a11  a4  a12Þ þ a17  ða5  a8  a4  a9Þ
 
B17 ¼ a2  a19  ða4  a10  a3  a11Þ þ a18  ða5  a10 þ a3  a12Þ þ a17  ða5  a11  a4  a12Þð Þ
B18 ¼ a2  a13  a23  a8  a13  a22  a9  a15  a23  a6 þ a20  a15  a9 þ a22  a16  a6  a20  a16  a8ð Þ
B19 ¼ a2 
a12  a13  a22 þ a11  a13  a23 þ a19  a22  a6  a18  a23  a6  a19  a20  a8 þ a13  a26  a8 þ a18  a20  a9
a13  a25  a9 þ a12  a20  a15  a15  a26  a6 þ a25  a16  a6  a20  a16  a11
 
B20 ¼ a2  a12  a18  a20  a11  a19  a20  a12  a13  a25 þ a11  a13  a26 þ a19  a25  a6  a18  a26  a6ð Þ
B21 ¼ a2  a20  ða4  a16  a5  a15Þ þ a23  ða4  a13 þ ða1 þ a2Þ  a15Þ þ a22  ða5  a13  ða1 þ a2Þ  a16Þð Þ
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B22 ¼ a2 
a20  ða4  a19  a5  a18Þ þ a23  ða1 þ a2Þ  a18 þ a26  ða4  a13 þ ða1 þ a2Þ  a15Þ  a22  ða1 þ a2Þ  a19
þa25  ða5  a13  ða1 þ a2Þ  a16Þ
 
B23 ¼ a2  ða1 þ a2Þ  a26  a18  a25  a19ð Þ
B24 ¼ a2  a20  ða5  a8  a4  a9Þ þ a23  ða4  a6  ða1 þ a2Þ  a8Þ þ a22  ða5  a6 þ ða1 þ a2Þ  a9Þð Þ
B25 ¼ a2 
a20  ða5  a11  a4  a12Þ  a23  ða1 þ a2Þ  a11 þ a26  ða4  a6  ða1 þ a2Þ  a8Þ þ a22  ða1 þ a2Þ  a12
þa25  ða5  a6 þ ða1 þ a2Þ  a9Þ
 
B26 ¼ a2  ða1 þ a2Þ  a26  a11 þ a25  a12ð Þ
B27 ¼ a2  a13  ða5  a8 þ a4  a9Þ þ a16  ða8  ða1 þ a2Þ  a4  a6Þ þ a15  ða5  a6  ða1 þ a2Þ  a9Þð Þ
B28 ¼ a2 
a13  ða5  a11 þ a4  a12Þ þ a16  ða1 þ a2Þ  a11 þ a19  ða8  ða1 þ a2Þ  a4  a6Þ  a15  ða1 þ a2Þ  a12
þa18  ða5  a6  ða1 þ a2Þ  a9Þ
 
B29 ¼ a2  ða1 þ a2Þ  a19  a11  a18  a12ð Þ
B30 ¼ a2  a13  a23  a7 þ a13  a21  a9  a16  a21  a6 þ a20  a16  a7 þ a23  a14  a6  a20  a14  a9ð Þ
B31 ¼ a2 
a12  a13  a21  a10  a13  a23  a19  a21  a6 þ a17  a23  a6 þ a19  a20  a7  a13  a26  a7  a17  a20  a9
:þ a13  a24  a9 þ a16  a20  a10  a16  a24  a6 þ a26  a14  a6  a20  a14  a12
 
B32 ¼ a2  a12  a17  a20 þ a10  a19  a20 þ a12  a13  a24  a10  a13  a26  a19  a24  a6 þ a17  a26  a6ð Þ
B33 ¼ a2  a20  ða16  a3 þ a14  a5Þ þ a23  ðða1 þ a2Þ  a14 þ a3  a13Þ þ a21  ða5  a13 þ ða1 þ a2Þ  a16Þð Þ
B34 ¼ a2 
a20  ða3  a19 þ a17  a5Þ  a23  ða1 þ a2Þ  a17 þ a26  ðða1 þ a2Þ  a14 þ a3  a13Þ þ a21  ða1 þ a2Þ  a19
þa24  ða5  a13 þ ða1 þ a2Þ  a16Þ
 
B35 ¼ a2  ða1 þ a2Þ  a26  a17 þ a24  a19ð Þ
B36 ¼ a2  a20  ða5  a7 þ a3  a9Þ þ a23  ðða1 þ a2Þ  a7  a3  a6Þ þ a21  ða5  a6  ða1 þ a2Þ  a9Þð Þ
B37 ¼ a2 
a20  ða5  a10 þ a3  a12Þ þ a23  ða1 þ a2Þ  a10 þ a26  ðða1 þ a2Þ  a7  a3  a6Þ  a21  ða1 þ a2Þ  a12
þa24  ða5  a6  ða1 þ a2Þ  a9Þ
 
B38 ¼ a2  ða1 þ a2Þ  a26  a10  a24  a12ð Þ
B39 ¼ a2  a13  ða5  a7  a3  a9Þ þ a16  ðða1 þ a2Þ  a7 þ a3  a6Þ þ a14  ða5  a6 þ ða1 þ a2Þ  a9Þð Þ
B40 ¼ a2 
a13  ða5  a10  a3  a12Þ  a16  ða1 þ a2Þ  a10 þ a19  ðða1 þ a2Þ  a7 þ a3  a6Þ þ a14  ða1 þ a2Þ  a12
þa17  ða5  a6 þ ða1 þ a2Þ  a9Þ
 
B41 ¼ a2  ða1 þ a2Þ  a19  a10 þ a17  a12ð Þ
B42 ¼ a2  a13  a22  a7  a13  a21  a8  a14  a22  a6 þ a20  a14  a8 þ a21  a15  a6  a20  a15  a7ð Þ
B43 ¼ a2 
a11  a13  a21 þ a10  a13  a22 þ a18  a21  a6  a17  a22  a6  a18  a20  a7 þ a13  a25  a7 þ a17  a20  a8
a13  a24  a8 þ a11  a20  a14  a14  a25  a6 þ a24  a15  a6  a20  a15  a10
 
B44 ¼ a2  a11  a17  a20  a10  a18  a20  a11  a13  a24 þ a10  a13  a25 þ a18  a24  a6  a17  a25  a6ð Þ
B45 ¼ a2  a20  ða15  a3  a14  a4Þ þ a22  ðða1 þ a2Þ  a14  a3  a13Þ þ a21  ða4  a13  ða1 þ a2Þ  a15Þð Þ
B46 ¼ a2 
a20  ða3  a18  a17  a4Þ þ a22  ða1 þ a2Þ  a17 þ a25  ðða1 þ a2Þ  a14  a3  a13Þ  a21  ða1 þ a2Þ  a18
þa24  ða4  a13  ða1 þ a2Þ  a15Þ
 
B47 ¼ a2  ða1 þ a2Þ  a25  a17  a24  a18ð Þ
B48 ¼ a2  a20  ða4  a7  a3  a8Þ þ a22  ðða1 þ a2Þ  a7 þ a3  a6Þ þ a21  ða4  a6 þ ða1 þ a2Þ  a8Þð Þ
B49 ¼ a2 
a20  ða4  a10  a3  a11Þ  a22  ða1 þ a2Þ  a10 þ a25  ðða1 þ a2Þ  a7 þ a3  a6Þ þ a21  ða1 þ a2Þ  a11
þa24  ða4  a6 þ ða1 þ a2Þ  a8Þ
 
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B50 ¼ a2  a25  ða1 þ a2Þ  a10 þ a24  ða1 þ a2Þ  a11ð Þ
B51 ¼ a2  a13  ða4  a7 þ a3  a8Þ þ a15  ðða1 þ a2Þ  a7  a3  a6Þ þ a14  ða4  a6  ða1 þ a2Þ  a8Þð Þ
B52 ¼ a2 
a13  ða4  a10 þ a3  a11Þ þ a15  ða1 þ a2Þ  a10 þ a18  ðða1 þ a2Þ  a7  a3  a6Þ  a14  ða1 þ a2Þ  a11
þa17  ða4  a6  ða1 þ a2Þ  a8Þ
 
B53 ¼ a2  ða1 þ a2Þ  a18  a10  a17  a11ð Þ
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 
þ B5  p3  oi  oj þ B6  p2  r2  oi  oj
þB7  p  r4  oi  oj þ B8  r6  oi  oj
0@ 1AueDi3ðx; pÞ ¼ B9  p2  r2  oi þ B10  p  r4  oi þ B11  r6  oi u
eDi4ðx; pÞ ¼ B12  p2r2  oi þ B13  p  r4  oi þ B14  r6  oi u
eDi5ðx; pÞ ¼ B15  p2  r2  oi þ B16  p  r4  oi þ B17  r6  oi u
eD3iðx; pÞ ¼ B18  p3  r2  oi þ B19  p2  r4  oi þ B20  p  r6  oi u
eD33ðx; pÞ ¼ B21  p2  r4 þ B22  p  r6 þ B23  r8 u
eD34ðx; pÞ ¼ B24  p2  r4 þ B25  p  r6 þ B26  r8 u
eD35ðx; pÞ ¼ B27  p2  r4 þ B28  p  r6 þ B29  r8 u
eD4iðx; pÞ ¼ B30  p3  r2  oi þ B31  p2  r4  oi þ B32  p  r6  oi u
eD43ðx; pÞ ¼ B33  p2  r4 þ B34  p  r6 þ B35  r8 u
eD44ðx; pÞ ¼ B36  p2  r4 þ B37  p  r6 þ B38  r8 u
eD45ðx; pÞ ¼ B39  p2  r4 þ B40  p  r6 þ B41  r8 u
eD5iðx; pÞ ¼ B42  p3  r2  oi þ B43  p2  r4  oi þ B44  p  r6  oi u
eD53ðx; pÞ ¼ B45  p2  r4 þ B46  p  r6 þ B47  r8 u
eD54ðx; pÞ ¼ B48  p2  r4 þ B49  p  r6 þ B50  r8 u
eD55ðx; pÞ ¼ B51  p2  r4 þ B52  p  r6 þ B53  r8 u
where
r2ðuÞ ¼ 1





































2p  p  D4

















2p  p  D4






























































r4  oiðuÞ ¼  12p  p  D4 
xi
r














r6  oiðuÞ ¼  12p  p  D4 
xi
r




















r  xi  xj  K0ðk1 rÞk22k21ð Þ k23k21ð Þk21 þ
K0ðk2 rÞ
k21k22ð Þ k23k22ð Þk22 þ
K0ðk3 rÞ
k21k23ð Þ k22k23ð Þk23
 
þ 2  xi  xj  r2dij
 	 K1ðk1 rÞk22k21ð Þ k23k21ð Þk31 þ K1ðk2 rÞk21k22ð Þ k23k22ð Þk32
þ K1ðk3 rÞ









r  xi  xj  K0ðk1 rÞk22k21ð Þ k23k21ð Þ þ
K0ðk2 rÞ
k21k22ð Þ k23k22ð Þ þ
K0ðk3 rÞ
k21k23ð Þ k22k23ð Þ
 
þ 2  xi  xj  r2dij
 	 K1ðk1 rÞk22k21ð Þ k23k21ð Þk1 þ K1ðk2 rÞk21k22ð Þ k23k22ð Þk2
þ K1ðk3 rÞ









r  xi  xj  k
2
1 K0ðk1 rÞ
k22k21ð Þ k23k21ð Þ þ
k22 K0ðk2 rÞ
k21k22ð Þ k23k22ð Þ þ
k23 K0ðk3 rÞ
k21k23ð Þ k22k23ð Þ
 
þ 2  xi  xj  r2dij
 	 k1 K1ðk1 rÞk22k21ð Þ k23k21ð Þ þ k2 K1ðk2 rÞk21k22ð Þ k23k22ð Þ
þ k3 K1ðk3 rÞ









r  xi  xj  k
4
1 K0ðk1 rÞ
k22k21ð Þ k23k21ð Þ þ
k42 K0ðk2 rÞ
k21k22ð Þ k23k22ð Þ þ
k43 K0ðk3 rÞ
k21k23ð Þ k22k23ð Þ
 
þ 2  xi  xj  r2dij
 	 k31 K1ðk1 rÞk22k21ð Þ k23k21ð Þ þ k32 K1ðk2 rÞk21k22ð Þ k23k22ð Þ
þ k33 K1ðk3 rÞ























































































































































































































r; t½ ð Þ













r; t½ ð Þ













r; t½  	
















































































































































































m4 ¼ 1ðm2 m1Þðm3 m1Þ
m5 ¼ 1ðm1 m2Þðm3 m2Þ
m6 ¼ 1ðm1 m3Þðm2 m3ÞAppendix F
F211 ¼ ða1 þ a2Þða19ða10a25  a11a24Þ þ a17ða11a26  a12a25Þ
þ a18ða12a24  a10a26ÞÞ
F212 ¼ a1ða19ða10a25  a11a24Þ þ a17ða11a26  a12a25Þ
þ a18ða12a24  a10a26ÞÞ
F213 ¼ a2ða5ða18a24  a17a25Þ þ a3ða19a25  a18a26Þ
þ a4ða17a26  a19a24ÞÞ
F214 ¼ a2ða5ða10a25  a11a24Þ þ a3ða11a26  a12a25Þ
þ a4ða12a24  a10a26ÞÞ
F215 ¼ a2ða5ða11a17  a10a18Þ þ a3ða12a18  a11a19Þ
þ a4ða10a19  a12a17ÞÞ
j ¼ a2ða1 þ a2Þ
F221 ¼ ða19a25  a18a26Þ
F222 ¼ ða11a26  a12a25Þ
F223 ¼ ða12a18  a11a19Þ
F231 ¼ ða17a26  a19a24Þ
F232 ¼ ða12a24  a10a26Þ
F233 ¼ ða10a19  a12a17Þ
F241 ¼ ða17a25  a18a24Þ
F242 ¼ ða10a25  a11a24Þ
F243 ¼ ða11a17  a10a18ÞReferences
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